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1. INTRODUCTION
Data clustering is one of the central concepts in the field of
unsupervised data analysis and machine learning, but it is
also a surprisingly controversial issue, and the very meaning of the concept “clustering” may vary a great deal between different scientific disciplines (see, e.g., [1] and the
references therein). However, a common goal in all cases
is that the objective is to find a structural representation
of data by grouping (in some sense) similar data items together. In our work we have focused on non-hierarchical
(flat) clustering, where clustering is regarded as a partitional data assignment or data labeling problem, and the
goal is to partition the data into mutually exclusive clusters so that similar (in a sense that needs to be defined)
data items are grouped together. The number of clusters
is unknown, and determining the optimal number is part
of the clustering problem. The data are assumed to be in
a vector form so that each data item is a vector consisting
of a fixed number of attribute values.
We can now identify two fundamental problems within
this framework:
1. Scoring: what constitutes a reasonable optimality or
”goodness” criterion; when is one clustering (data
partitioning) better than another, and in what sense?
2. Optimization: how to find good clusterings with respect to the chosen scoring criterion?
Traditionally, the scoring problem has been approached
by first fixing a distance metric, and then by defining a
global goodness criterion based on pairwise distances of
data items. However, while this approach can be intuitively appealing, from the theoretical point of view it introduces many problems, such as choosing a suitable distance metric and the handling of non-continuous attributes.
An attempt to construct an axiomatic formalization for the
desirable properties of this type of similarity-based clustering methods is given in [2] . Cilibrasi and Vitányi [3]
on the other hand suggest a clustering method based on the
universal Normalized Compression Distance (NCD) metric: the intuitive idea is that two data objects are close
to each other if they can be compressed well together.
In [4] we used a similar approach, but instead of thinking in terms of pairwise distances, we applied it to sets of

data objects, so that a set of objects is clustered together if
the items in the set can be compressed well together.
For encoding the data vectors inside a cluster, we use
probabilistic parametric models. This can be seen as a
model-based clustering approach, where for each cluster a data generating function (a probability distribution)
is assumed, and the clustering problem is defined as the
task to identify these distributions (see, e.g., [5, 6, 7]). In
other words, the data are assumed to be generated by a
sum of distributions, a finite mixture model [8, 9, 10]. In
this framework the optimality of a clustering can be defined as a function of the fit of data with the finite mixture
model, not as a function of the distances between the data
vectors. See [4] for more discussion on the differences
between similarity-based and model-based clustering approaches.
It should be noted that in the model-based approach
we implicitly introduce ”hidden data”: for each data vector, we need to identify which model/distribution/code to
use (to which cluster the data vector belongs?). This means
that we need to encode the cluster labels (the ”model index”) together with the actual observed data so that the
resulting total code length is minimized. The clustering
criterion suggested [4] is based on the MDL principle [11,
12, 13] which aims at finding the shortest possible encoding for the data. For formalizing this intuitive goal, we
adopted the normalized maximum likelihood (NML) coding approach [14], which can be shown to lead to a criterion with very desirable theoretical properties (see e.g. [13,
15, 16, 17, 18, 19]). Similar ideas have been explored
in [20], and an application in signal denoising can be found
in [21]. It should be noted that approaches based on either earlier formalizations of MDL or on more heuristic
encoding schemes (see e.g. [22, 23, 24]) do not possess
these theoretical properties.
In Section 2 we briefly summarize the main idea behind the scoring criterion suggested in [4], and in Section 2 discuss the optimization methods explored in [25].
2. SCORING
Let us assume that our problem domain consists of m
discrete variables X1 , . . . , Xm and that the variable Xi
has Ki values. The data xn = (x1 , . . . , xn ) consists of

i.i.d. observations xj = (xj0 , xj1 , . . . , xjm ) ∈ X , where
X = {1, 2, . . . , K1 } × · · · × {1, 2, . . . , Km }.

the normalized maximum likelihood of our observed data
xn , together with the cluster indexes zn , is given by

(1)

We assume that the possibly originally continuous variables have been discretized. One reason for focusing on
discrete data is that in this case we can model the domain
variables by multinomial distributions without having to
make restricting assumptions about unimodality, normality etc., which is the situation we face in the continuous
case.
Formally, we can notate a clustering by using a clustering vector zn = (z1 , . . . , zn ), where zj denotes the index of the cluster to which the data vector xj is assigned
to. Denote the clustering variable by Z so that zn is a
sample from the distribution of Z. The number of clusters, say K, is implicitly defined in the clustering vector,
as it can be determined by counting the number of different values appearing in zn . It is reasonable to assume that
K is bounded by the size of our data set, so we can define
the clustering space Z as the set containing all the clusterings zn with the number of clusters being less or equal
to n. Hence the clustering problem is now to find from all
the zn ∈ Z the optimal clustering zn .
We now have to define what type of probabilistic models we aim to use for encoding our data. By introducing
the cluster label Z we have implicitly
assumed a finite
P
mixture model where P (x) = Z P (x | Z)P (Z). For
the class-conditional probability distributions P (x | Z)
we can of course consider any model, but as our data was
assumed to be i.i.d., it is natural to consider models defined by independencies between our variables X1 , . . . , Xm .
The simplest of such models assumes no dependencies,
and this is the model we have mostly used. This means
that in this special case we use the same parametric model
(form) for each cluster, but they each have separate sufficient statistics (determined by data vectors assigned to the
cluster).
A motivating reason for using this simple model is that
it is now easy to ”explain” each cluster: as the variables
are independent within a cluster, we can study the variable distributions separately of each other. There are also
computational reasons, as the joint probability distribution
now factorizes conveniently as a product (of multinomials):

PNML (xn , zn | M(K))
=

P (xn , zn ; θ̂(xn , zn ), M(K))
, (3)
C(M(K), n)

where C(M(K), n) is the parametric complexity of the
parametric model M(K) with sample size n, The maximum likelihood term in the numerator is easy to compute:
P (xn , zn ; θ̂(xn , zn ), M(K))
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where hk is the number of times Z has value k in zn , fikl
is the number of times Xi has value l when Z has value k.
The parametric complexity term in the denominator is in
principle an exponential sum,
C(M(K), n) =

XX
yn

P (yn , vn ; θ̂(yn , vn ), M(K)),
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but in our case it fortunately can be simplified to
C(M(K), n) =
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where the multinomial parametric complexities
C(Ki , h) =
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can be computed efficiently using the recursive formula
presented in [26]. All in all, the time complexity of computing the parametric
 complexity C(M(K), n) for a fixed
K is O n2 log K (for details, see [27]).
3. OPTIMIZATION

The clustering space Z is obviously exponential in size,
which means that if we want to find a good clustering with
PFM (Z = z, X1 = x1 , . . . , Xm = xm | θ)
respect to the NML clustering criterion presented in the
m
Y
previous section, in practice we need to resort to combina= P (Z = z | θ) ·
P (Xi = xi | Z = z, θ). (2)
torial search algorithms. However, it should be noted that
i=1
if we keep the number of clusters constant, the denomIt should be noted that although we assumed local (classinator of the NML criterion (3) does not change, which
conditional) independence, the model allows variables to
leaves us with the maximum likelihood term given in the
be globally dependent (when the value of the latent clusnumerator. This means that we can use the toolbox of
ter variable is not known). Actually, we can clearly repstandard clustering algorithms developed for maximizing
resent probability distributions of arbitrary complexity by
the likelihood, vary the number of clusters, and from the
just adding more mixture components.
candidate solutions produced by these algorithms, pick the
one that maximizes the NML criterion. Note that it is obNow given M(K), a finite mixture model with K
component distributions (each assuming local independence), viously easy to get high-likelihood solutions with more

clusters, but the normalizing coefficient of NML also increases with increasing number of clusters, penalizing for
complexity.
Standard methods for maximizing the likelihood of a
finite mixture model include the Expectation-Maximization
(EM) algorithm, and the related K-means algorithm (KM)
(or the CEM algorithm [28] as it is sometimes called).
Both algorithms are computationally simple, and converge
towards a local minimum of the likelihood, so the algorithms have to used iteratively from several different starting points. For more details of the EM algorithm, see
e.g. [29, 30].
In [25] we showed how to use the EM and K-means
algorithms, and their variants, for optimizing the NML
clustering criterion, and empirically studied the performance of different optimization algorithms by using several real-world datasets from the UCI repository [31]. The
results suggest that straghtforward application of these algorithms does not give good results, but the new variants
developed seem to work much better.
4. CONCLUSIONS
We regarded clustering as a data assignment problem where
the goal is to partition the data into non-hierarchical groups
of items. We suggested an information-theoretic criterion,
based on the minimum description length (MDL) principle, for defining a goodness criterion for this type of clustering of data. The basic idea behind this framework is
to optimize the total code length over the data by encoding together data items belonging to the same cluster. In
this setting efficient coding is possible only by exploiting
underlying regularities that are common to the members
of a cluster, which means that this approach produces an
implicitly (but not explicitly) defined similarity metric between the data items.
Formally the global code length criterion to be optimized is defined by using the intuitively appealing universal normalized maximum likelihood (NML) code. We
have also studied the optimization aspect of the clustering problem, and developed algorithms that can be used
for efficiently searching the exponentially-sized clustering
space. As the suggested NML clustering criterion can be
used for comparing clusterings with different number of
cluster labels, the number of clusters does not have to be
fixed beforehand and determining it can also be handled
as part of the optimization process.
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