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ABSTRACT
For a time-continuous finite-state Markov process, constant transition intensities simplify the calculation of migration matrices. For two applications I investigate the
adequacy of the model, first, rating migrations in finance,
and second, cancer survival in medicine. In finance, ratings have usually more than one transient state. In contrast, in medicine “alive” as single transient state is common. Still, nonparametric methodology, like the NelsonAalen estimate, or likelihood ratio testing is very similar for both situations. The re-analysis of several data
shows that the constant intensity is usually to be rejected,
however alternative models need arguments of the specific
field. Nonparametric smoothing may an intermediate step
towards such models.
1. INTRODUCTION
I have two areas of application in mind when analyzing
transition data, rating transitions (or migrations) and cancer survival. The evolvement of ratings, see e.g. [1] for
a description, is depicted in Figure 1. Statistical analysis
can be based on counting the transitions from one state to
any other (for all combinations). Of interest for the financial analyst is typically P (rating after year 1 is j | rating
at credit origination is h). Statistically, counting deaths,
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Figure 1. Exemplary evolvement of rating for a counterpart
i.e. transitions from “alive” to “dead”, is very similar to
counting transitions between rating classes. The analysis of deaths is very common in cancer studies [2, 3, 4]
and usually performed without a parametric assumption as
long as no covariates are incorporated. The Kaplan-Meier
estimate [5] and the log-rank test [6] for equality between

Figure 2. Kaplan-Meier estimation of survival function
for patients with low concentration in Metallothionein (≤
10%) (solid line) and with high concentration (> 10%)
(dashed line)

groups have become very popular. However, more grades
of “alive” are also conceivable in medical studies. As typical in cancer studies, survival is compared in between two
groups. For the data in [4] the Kaplan-Meier estimates are
shown in Figure 2.
However, data in finance and medicine are often quit
different as the following comparison of data sets shows.
Rating systems typically have several states (or ‘rating
classes’ as is the terminology in finance). E.g. for the data
that are re-analyzed here, one finds 8 ordered transient rating states (and 1 insolvency state) [7] or even 25 transient
rating states [8]. For cancer studies, there is mostly one
“alive” state and one “dead‘” state [2, 4] The sample sizes
are also quit different. Sample sizes of 3, 700 [7] and 100
[8] are found in finance, whereas in medicine smaller sizes
like 99 [2], 118 [4], and occasionally up to 542 [9] are
common. Unfortunately, sample sizes are not the only determinant for the adequacy of asymptotic results in statistics. Essentially, it is the cross-product between number of
states, sample size, overall follow-up time and the overall
intensity level that determine the adequate analysis. For
instance, 3,700 rating histories might be followed over

seven years (1997-2003) [7] and still the number of transitions can be below the number of observed processes,
namely 2,750. On the other hand, 100 process followedup for 12 years (1994-2006) can result in 240 transitions
[8]. In the medical examples, the amount of information
may be easier displayed by the rate of censoring and the
follow-up time. For the rectal cancer 75% censoring and
at median follow-up of five years indicates little chance for
complex models [2]. In the bladder cancer study [4], 10%
censoring at a maximal follow-up duration of nine years
already shows how lethal the cancer (in this study) is. The
skin cancer [9] has much better perspectives, so that 66%
censoring (at a median follow-up of six years) reduces the
sample size of 540 patients considerably. We see that the
data specifics do reduce the amount of generally useful
methodology. However, we will see in the following that
some methods are applicable to all data sets.
2. INTENSITY ESTIMATION
The intensity of transition is now the mathematical nomenclature, steaming from the analysis of markov chains and
the Poisson process theory. In financial and medical statistics it is usually called the hazard rate [6]. We want to
model the hazard rate and in order not to imposing a parametric model a priori, I like to resort to nonparametric
statistics first. One is interested in the hazard rate
λ(t)

:=
=

P (T ∈ [t, t + dt)|T ≥ t)
dt
f (t)
1 − F (t)
lim

dt→0

of some transition time T having density f (·) and cumulative distribution function F (·). The hazard rate describes
the instantaneous probability to migrate, e.g. to default or
to die, conditional on the fact that the transition has not
yet taken place. This probability may change over time t.
2.1. Nonparametric smoothing
If the process is homogeneous, the intensity is constant
and may be estimated by maximum likelihood [10]. This
implies the 1-year migration probability to be constant.
As a consequence, t-years migration probabilities are initially identical to one year after the origin of time. The
Kaplan-Meier estimate is easily generalized to t-year migration probabilities. The homogenous markov model can
be checked graphically, see Figure 3 for the data in [7].
Here we see that the homogeneity is not very convincing.
The typical analysis is now to estimate the hazard rate
by smoothing methods. In kernel smoothing, the NelsonAalen estimate Λ̂(·) of the cumulative hazard rate Λ(t) :=
Rt
λ(s)ds is convoluted with a kernel K(·) [11]:
0
Z
λn (t) :=
KhN N (t − s)dΛ̂(s)
(1)
R+
0

As the fixed bandwidth is difficult to apply to failure time
data, I propose to use the nearest-neighbor bandwidth

Figure 3. Transition probabilities phj (s, s + ψ), h, j ∈
K for various rating combinations h, j and starting times
s = 0 (black lines) and s = 1 (grey lines) after time of
issuance plotted against time horizon Ψ: 2 → 3 (black
solid line), 4 → 3 (black long-short dashed line), 7 → 8
(grey dashed line), 7 → 6 (black dashed line), 2 → 7
(black short-dashed line)
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with Kaplan-Meier Sn (·).
The consistency for the estimate has the following uniform rate [11].
r
log(n)
k
sup |λn (t) − λ(t)| ≤ D1
+ D2
a.s.
k
n
t∈[a,b]
Constants D1 and D2 depend on kernel and intensity.
Here the second term in the boundary represents the
bias. However, the bias is in practice a mayor concern also
in finite samples. First I will now compare the bias of the
estimate (1) with a fixed-bandwidth estimate. As distribution family I select the exponentiated Weibull distribution
[12]. It is defined in terms of the survival function
µ
µ µ ¶κ ¶¶θ
t
S(t) = 1 − 1 − exp −
,
γ
with 0 < x < ∞, κ > 0, θ > 0 and γ > 0. So that
the family contains the original Weibull distribution for
θ = 1. Four shapes of the hazard rate modeled in this family are identifiable by parameter space segments: Increasing, decreasing, unimodal and convex (bath-tube) shaped.
The limiting lines are κ = 1 and κθ = 1. The convex
hazard rate is the most challenging of the four. It has a
steep increase towards the left boundary, the time-origin.
Additionally, it increases steeply towards the right, where
fading data will constitutes the main problem. For the sake
of brevity, I restrict the discussion to the estimation of that
type, with the parameters κ = 5, θ = 0.1 and γ = 100.
Preliminary simulations have shown that it is advisable to restrict estimation to the inner 80% area. For the
left and the right 10% quantiles, the boundary bias prohibits a sound interpretation. For the selected convex hazard rate the inner 80% area is
[F −1 (0.1), F −1 (0.9)] = [1; 84.5].

Two types of bandwidth selectors are found frequently
in the literature. First of all, one may assume a - counterfactual - distribution. Minimization of, say, the mean
integrated squared error with respect to the bandwidth results in an analytical expression for the optimal bandwidth
[15, 16]. Without a particular distributional assumption,
the second idea is to numerically minimize an error by
cross-validation, usually, leave-one-out estimation is used
here [17, 18, 19, 20].
For the fixed bandwidth b in kernel density estimation, Silverman’s rule-of-thumb assumes normality of the
data and minimizes asymptotically the mean integrated
Figure 4. Fixed bandwidth (left) vs. k-nearest neighbor
squared error [16]. The solution hRoT is explicitly given
bandwidth (right) (solid line is true hazard)
and results in close-from expression for the for the hazard
rate under random censoring and for the nearest neighA typical defect on failure time data is censoring. In
bor bandwidth [9]. The adoption to the nearest neighbor
detail, we assume to observe right-censored default times
bandwidth is achieved by identifying the fixed bandwidth
Xi = min(Ti , Ci ) with the censoring indicator δi = 1{Xi =Ti } . to imply a linear approximation of the cumulative distribuThe default times T1 , . . . , Tn are assumed to be indepention function, upon which can be improved by stochastic
dent and identically distributed with distribution function
approximation, with the empirical process. The number
F , the censoring time C1 , . . . , Cn are assumed to be indeof nearest neighbors is given by
pendent and identically distributed with distribution funch
i
tion G. The Ti ’s are assumed to be independent of the
k RoT = n · |β̂| · hRoT ,
censoring times Ci ’s. The studies cited in the Introduction
illustrate that, at least, censoring rates between 10% and
with β̂ as regression slope through the points (Xi , Sn (Xi ))
75% are conceivable. As an example, censoring of 40% is
of the Kaplan-Meier survival estimate.
used here. A simple means to achieve this rate is choosing survival times Ti and censoring times Ci both due to
Bandwidth selection for the nearest neighbor bandthe exponentiated Weibull family with similar parameters.
width in hazard rate estimation can be implemented by
Starting from an expected 50% censoring for similar discross-validation in [14]. Maximizing a leave-one-out liketributions, one may use the monotony of the expected rate
lihood results in an optimal bandwidth and minimizes asympof censoring, i.e. of P (Ci > Ti ), with respect to the patotically the expected Kullback-Leibler loss for the correrameter θ, in order to obtain the desired 40% by simulasponding density [21]. In detail, the likelihood is decomtion. The resulting parameter set is (5, 0.15, 100). Sample
posed into the hazard rate and the survival function, both
sizes n of 50 and 100 observations mimic the situation
estimated by cross-validation.
in [8]. A medium size of 300 observations resembles the
n
Y
situation in [7]. To my experience, 500 simulation runs
CV
δi −i
k
=
argmax
λ−i
k∈{1,...,n}
n (Xi ) Sn (Xi ).
are sufficient for point estimation purposes, for the 300i=1
observation situation 250 replications reduce the time of
computation.
Here λ−i
n (Xi ) estimates the hazard rate at time Xi by (1)
As random number generator, I use the generator of
on
basis
of the entire sample except for Xi , the same apuniformly distributed random number on [0, 1] as impleplies
for
the
Kaplan-Meier estimate Sn−i (·) of the survival
mented in SAS/IM L and map to the distribution family
function. Enumeration over the possible numbers of nearvia the inverse cumulative distribution function
est neighbors yields the optimum. For an example of ob1
1
viously not constant hazard rates see Figure 5. E.g. two
F −1 (u) = γ[− log(1 − u θ )] κ , 0 < u < 1.
Weibull distributions with proportional hazards may be
more adequate in the case of skin cancer modelling.
Using a sample size of 300, and averaging over 250
random samples, makes the bias comparable. For the fixed
bandwidth I use Silverman’s rule of thumb [13] for the
3. GOODNESS-OF-FIT TESTING
bandwidth selection and for the nearest neighbor bandwidth I use a cross-validatory selector [14]. The nearA first step towards parametric models is goodness-ofest neighbor bandwidth apparently avoids boundary bias
fit testing. For a given parametric model a test can be
problems, which the fixed bandwidth has at the origin
developed that against the hypothesis of that particular
(Figure 4).
model. For the case of one transient Markov state, the
Silently, I have already made use of bandwidth selecKolmogorov-Smirnov principle is applicable to test globtors. However, bandwidth selection, or in the case of the
ally consistent e.g. for a constant hazard rate [8]. For
nearest neighbor, the selection of the number of neighbors
the general multi-state process a test against a piece-wise
is critical.
constant hazard rate [7].

The increment of the compensator of the counting process,
E(dN (t) | Ft ) = Y (t)λ(t), depends on the hazard rate.
The Nelson-Aalen estimate can now be written as
Z
J(t)
Λ̂(t) =
dN (s),
Y
(t)
0<s≤t

Figure 5.
Hazard rate estimates for survival with
melanoma in the presence of ulceration (gray lines)
and in the absence of ulceration (black lines): (i)
double-smoothing approach (solid bold lines), (ii) fixedbandwidth estimate using the normal-scale rule (solid thin
lines), (iii) and nearest-neighbor estimate using crossvalidation (dashed lines)). The parametric estimates
(Weibull) with a constant hazard ratio of three are indicated (dotted lines).
3.1. Kolmogorov-Smirnov

The number of uncensored observations is defined as nu :=
P
n
i=1 δi . How to construct the test statistic for the hypothesis
“Is λ(t) constant?”

0<s≤t

This is the parametric estimate for the cumulative hazard
rate, again capped at X(n) .
The log-rank statistic weights the incremental differences with the number of observations under risk and adds
them [6]:
Z t
Z(t) :=
Y (s)d{Λ̂(s) − Λ?0 (s)}
0
Z t
=
dN (s) − Y (s)λn ds,
0

The one-sample log-rank test assesses equality of the hazard to a known hazard rate λ0 (·) [22]. (Especially its twosample formulation is frequently used in the biometry of
cancer research (see e.g. [4])). The idea is to compare
the increments of the unrestricted estimator of the cumulative hazard rate with those of the estimator parametrically
arising from the hazard rate model under the hypothesis
H0 : λ(t) = λ0 (t).
I want to test the hazard rate for constancy. As a prerequisite we need to recall the maximum likelihood estimate for an exponential distribution with density f (t) =
λe−λt :
nu
λn := Pn
.
i=1 Xi

H0 :

where J(t) := I{Y (t) > 0} and 00 := 0 (see [23, 24]).
The definition of J(t) “stops” the estimation of the cumulative hazard rate at the largest observation X(n) (irrespective of censoring).
Under the null hypothesis this yields
Z
Λ?0 (t) =
J(s)λn ds.

⇔

λ(t) ≡ λ0

unknown?

In detail, the differences of the increments of the unrestricted estimator of the cumulative hazard and those of
the estimator arising for an exponential distribution are
added up: In the non-parametric analysis the process of
counting the number of uncensored events generalizes the
“number of events” nu in:
N (t) := ]{i : Xi ≤ t, δi = 1}.

where
Z

t

E ? (t) :=

Y (s)λn ds
0

is the expected number of defaults in [0, t] under hypothesis. Let us look at the Kolmogorov-Smirnov-type test
statistic of the process Z(t). For this purpose define
Z τ
dN (s)
σ̂ 2 :=
.
nλ2n
0
For hazard rates bounded away from 0 on [0, τ ] it follows
due to [25] that, under the null hypothesis of a constant
hazard rate, the process
√
(Z(t)/( nλn σ̂))t∈[0,τ ]
converges weakly in D[0, τ ] to a Brownian bridge, say
W 0 , in time p(t) = t/τ , i.e.
Z(t)
d
√
=⇒ W 0 ◦ p.
nλn σ̂
According to the continuous mapping theorem (see
[26]) the Kolmogorov-Smirnov-type statistic is
¯
¯
¯ Z(t) ¯ d
¯ = max |W 0 (t)|
¯
Kn = max ¯ √
0≤t≤τ
0≤t≤1
nλn σ̂ ¯

The population
P under risk at time t generalizes the “exposure to risk” Xi :

In particular, if kα denotes the 1 − α quantile of the distribution of the random variable max0≤t≤1 |W 0 (t)| the rule
φ((X1 , δ1 ), . . . (Xn , δn )) defined by

Y (t) := ]{i : Xi ≥ t}.

I{max0≤t≤τ |R t dN (s)−Y (s)λn ds|>kα σ̂√nλn }
0

corresponds to the Kolmogorov-Smirnov statistic and constitutes a test with asymptotic level α. A typical choice
for τ is the maximum over all observations Xi . By this,
no information is ignored in the construction of the statistic. The quantiles kα can be found in [26], p. 143. For
example, the 95% quantile is given by k0.05 ≈ 1.36.
For a 10% sub-sample of the data in [7] one has e.g.
for the transition 3→4 a test statistic that 72.38 that exceeds the critical value of 63.77.
3.2. Likelihood Ratio
Our goal is now to check homogeneity simultaneously in
a multi-state process with state space K of k classes. Do
transition probabilities, thus, exhibit time-invariant behavior? Therefore, the null hypothesis of time-homogeneity
can be stated in terms of
H0 : ∀h, j ∈ K : ∃qhj ∈ R+ : qhj (t) ≡ qhj ∀t ∈ [0, T ].
We are interested in the alternative that transition probabilities are time-dependent which can be approximated by
piece-wise constant transition intensities H1 : ∃h, j ∈ K,
b
so that qhj
(t) equals
b
X

qhji I[ti−1 ,ti ) (t) : ∃i1 , i2 = 1, . . . , b : qhji1 6= qhji2

i=1

where 0 = t0 ≤ t1 ≤ t1 ≤ . . . ≤ tb = τ partitions
the time-line. In order to constructing a likelihood ratio
test (as in the discrete case [27]), following [28][pg. 296],
I consider the partial-likelihood for n independent processes. The transition data for the sample are given by the
multivariate counting process N with components Nhj (t)
that count the migrations for each state combination up to
t. The likelihood gets the product of all migration times
and over all rating combinations

dNhj (t) 
Yh (t)−dNh (t)


Yh (t) dΛ̂hj (t)
| {z }



1 + dΛ̂hh (t)
| {z }
qhh (t)dt

qhj (t)dt

P

where Nh (t) := j=1,j6=h Nhj (t).
The actual value of the likelihood ratio can be calculated by inserting in the likelihood the ML-estimators for
the transition intensities qhj (t) [10] under the null and the
alternative, if they exist.
b
With respect to the fact that transition intensities qhj
(t),
h 6= j are piecewise constant under the alternative we can
also apply this estimator to derive the ML-estimator for
b
(t). Therefore, we only have to find ML-estimators
qhj
for the b parameters qhji , i = 1, . . . , b of the step funcb
tions qhj
(t). This can be accomplished by confining the
considered time interval, where rating transitions are observed, from [0, T ] to the i-th time interval [ti−1 , ti ) of the
partition of [0, T ]. Thereby, the ML-estimator of qhji , i =
1, . . . , b is given by
n
q̂hji
=

Nhj (ti −) − Nhj (ti−1 −)
,
R ti −
Y (t)dt
ti−1 − h

R ti −
for ti−1
Y (t)dt > 0. It could be regarded as the ML− h
n
estimator q̂hj
for a time homogeneous Markov process on
this restricted time interval, and thus only takes into account rating transitions that occur within [ti−1 , ti ).
The test statistic of the likelihood ratio test for the preceding test problem is
Φ := −2 ln(LR) = −2(ln L0 − ln L1 ).
Using standard theorems of likelihood testing [29], Φ
is, under the null, asymptotically χ2 -distributed with (b −
1)(k − 1)2 degrees of freedom.
E.g. in the rating data set of [7], the p − value for
yearly pieces in the intensity is below 0.001.
4. DISCUSSION
It must be admitted that many other parametric models,
apart from the piece-wise constant model, appear to be
useful. E.g. two Weibull distributions with proportional
hazards may be adequate in the case of skin cancer modelling in two groups [9]. So that maybe a synthesis of
parametric and non-parametric estimation, i.e. semi-parametric modeling, is a promising field. On the other hand,
step-wise approximation may still be worth investigating
and the optimal number of steps could act as bandwidth
surrogate. More fundamentally, one must distinguish between significant effects and relevant effects (see e.g. [30]).
Furthermore, the differences between parametric testing
(e.g. with the likelihood ratio) and non-parametric testing
must be further evaluated.
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[30] A. Munk and R. Pflüger, “1 − α equivariant confidence rules for convex alternatives are α/2-level
tests – with applications to the multivariate assessment of bioequivalence,” Journal of the American Statistical Association, vol. 94, pp. 1311–1320,
1999.

